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A system of ODE’s is considered as a model of two populations competing for a
nutrient, where nutrient inputs and chemostat washouts are periodic. As well,
general nutrient uptake functions which may also be time dependent and periodic
are considered. Criteria are derived for there to exist a globally attracting positive
periodic solution, and a theorem on global monotonicity of attracting solutions
between different systems is proved.  2000 Academic Press
1. INTRODUCTION
There has been considerable interest over the past two decades in
Ž .mathematical models of the chemostat and its extension the gradostat .
 The basic theory and the initial chemostat models are reviewed in 39 .
Since the earliest models, attempts to generalize them so as to make them
more realistic andor more complex mathematically have followed several
routes.
One such route is to consider models with general uptake functions 1,
2, 810, 37, 38 . The original models utilized MichaelisMenton uptakes.
 The models mentioned above, except for 8 , utilized general uptake
 functions which were monotonically increasing. In 8 , even more general
Ž .piecewise monotonic uptakes were considered.
ŽAnother route is to allow periodicities in the input or the washout or
.  both 6, 23, 35, 36, 40 . In this case, the question of existence and stability
of periodic solutions is of prime importance.
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A third route is to incorporate time delays, both discrete and dis-
 tributed, into the model 35, 20, 21 . Here, one may also deduce the
existence of periodic solutions as a function of the length of delay.
Of importance in the above models is the question of global stability of
 either equilibria or periodic solutions 4, 5, 33 . This is usually the hardest
question to address.
In all the above considerations, it was assumed that the chemostat was
‘‘well stirred,’’ i.e., diffusivity did not play a role. For the purpose of the
present discussion, we continue to make this assumption.
In this paper, we consider a chemostat model of two microbial popula-
Žtions competing for a nutrient, with general, monotonically increasing in
.nutrient density uptake functions, and with periodicities in the nutrient
input, washout, and uptakes. To the best of our knowledge, this is the first
time that periodicities in the uptake of nutrient by the microbial popula-
tions is allowed.
In the next section, we describe the model and derive some preliminary
results. In Section 3, we consider the submodel consisting of nutrient and
one microbial population. Here, we obtain criteria for extinction of the
microbes as well as criteria for the existence and global stability of a
positive periodic solution. In Section 4, we obtain criteria for the extinction
of the second microbial population, as well as criteria for the existence of a
positive periodic solution. In obtaining these latter results, we prove a
comparison theorem concerning solutions of scalar periodic systems, which
may be of independent interest. Furthermore, we address a conjecture on
the local stability of a positive periodic solution. Based on the local
stability, by topological degree theory we show that, if on the boundary of
3 there exists no asymptotically stable solution, then the considered full
chemostat system has a strictly positive periodic solution which is globally
asymptotically stable. Usually, it is rather easier to discuss the local
stability than to discuss the global stability. However, the difficulty here
lies in the discussion of local stability, and we state a conjecture for future
research. In Section 5, we discuss the structure of a global attractor of the
full chemostat system. Finally, a brief discussion on the biological implica-
tions is contained in Section 6.
Throughout this paper, we assume that all functions are sufficiently
smooth so that solutions to initial value problems exist uniquely and are
continuable for all positive time.
2. THE MODEL
The chemostat is a piece of laboratory apparatus used to culture
microorganisms. The apparatus consists of three connected vessels. The
first contains all of the nutrients needed for growth of a microorganism, all
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in excess except for one called the limiting nutrient. The nutrient is
pumped into the second vessel, the culture vessel. The culture vessel is
charged with a variety of microorganisms, so it contains a mixture of
nutrient and organisms. Its output is collected in the third vessel which
Ž .represents the ‘‘production’’ of the chemostat see Fig. 1 .
The chemostat model to be analyzed in this paper is of the form
˙ 0S t D t S  be t  S t  x t p t , S t  y t q t , S t ,Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž .
x t  x t p t , S t D t ,Ž . Ž . Ž . Ž .Ž .Ž .˙
1Ž .
y t  y t q t , S t D t ,Ž . Ž . Ž . Ž .Ž .Ž .˙
S 0  S  0, x 0  x  0, y 0  y  0,Ž . Ž . Ž .0 0 0
0 Ž . Ž . Ž .where S , b 0, and D t , p t,  , q t,  are continuous, positive -peri-
Ž .odic functions of t, and e t is a continuous periodic function of period .
In these equations, at given time t, S represents the nutrient concentra-
tion, x and y denote the concentrations of the competing microorganism
populations, and p and q are the uptake functions representing the rate of
nutrient conversion to biomass, that is, the per capita growth rate as
0 Ž .functions of both time and nutrient. S  be t denotes the periodically
Ž .varying nutrient concentration in the feed bottle. D t is the input rate
from the feed bottle containing the nutrient substrate as well as the
washout rate of substrate and microorganisms.
We make the following reasonable assumptions concerning the parame-
Ž .ters and functions involved in Eq. 1 :
0  0	 b S , e t 	 1, 2Ž . Ž .
and p, q: R  R R are continuously differentiable in t, S satisfying
p t , 0  0, q t , 0  0,Ž . Ž .
 p t , S  q t , SŽ . Ž .
 0,  0. 3Ž .
S S
FIG. 1. A schematic of a simple chemostat.
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In the remainder of this section, we obtain some preliminary results.
ŽFirst, we note that every solution is nonnegative and bounded as it should
.be for any reasonable model of a chemostat . We then show the invariance
Ž .of system 1 in the region of interest.
3 Ž .LEMMA 1. R is inariant for system 1 .
˙ 0 Ž .Ž Ž ..Proof. S D t S  be t  0,S0
t
x t  x exp p  , S  D  d  0,Ž . Ž . Ž .Ž .Ž .H0 ž /0
t
y t  y exp q  , S  D  d  0.Ž . Ž . Ž .Ž .Ž .H0 ž /0
3Hence R is invariant.
We now consider the submodel describing the behavior of nutrient in
the absence of microbes
˙ 0S t D t S  be t  S t , S 0  S  0. 4Ž . Ž . Ž . Ž . Ž . Ž .Ž . 0
 Ž .THEOREM 2. There exists a unique positie periodic solution S t of Eq.0
Ž .4 which is globally asymptotically stable. Moreoer,
S0 b	 S* t 	 S0 b 5Ž . Ž .
for all t 0.
 0 0 Proof. Clearly, S  b, S  b is an invariant closed interval of sys-
Ž . Ž .tem 4 . It is easy to find the general solution of Eq. 4 as follows:
t t
S t  S exp  D u du  exp  D u duŽ . Ž . Ž .H H0 ž / ž /0 0
6Ž .
ut 0 exp D  d D u S  be u du.Ž . Ž . Ž .Ž .H Hž /0 0
Ž . Ž .Clearly, S t is an -periodic solution of Eq. 4 if

D u du 0, 7Ž . Ž .H
0
Ž .and S t is globally asymptotically exponentially stable if

D u du 0. 8Ž . Ž .H
0
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Ž .  Ž .In our case, D t is a positive -periodic function. Therefore, S t is0
Ž .globally asymptotically exponentially stable and satisfies Eq. 5 .
 Ž . Ž .From now on, we always denote by S t the solution of Eq. 4 as given0
in the above theorem.
Ž .  Ž .Finally, we show that for the full system 1 , S t is an attractor for0
Ž . Ž . Ž .S t  x t  y t .
THEOREM 3. Define
I t  S t  x t  y t . 9Ž . Ž . Ž . Ž . Ž .
Ž . Ž .  Ž .Then if S , x , y  0, for system 1 , I t tends exponentially to S t .0 0 0 0
Ž˙ .Proof. Computing I t , we obtain
˙ 0I t D t ID t S  be t . 10Ž . Ž . Ž . Ž . Ž .Ž .
Ž . Ž .Since Eq. 10 is another version of Eq. 4 , the theorem follows from
Theorem 2, i.e., we always have
  lim S t  x t  y t  S t  0. 11Ž . Ž . Ž . Ž . Ž .0
t
3. THE SINGLE MICROBE SUBCASE
In this section, we consider the subcase of a single microbe living on the
nutrient. The system then reduces to
˙ 0S t D t S  be t  S t  x t p t , S t ,Ž . Ž . Ž . Ž . Ž . Ž .Ž .Ž .
12Ž .
x t  x t p t , S t D t ,Ž . Ž . Ž . Ž .Ž .Ž .˙
where the assumptions on the parameters and functions are similar to
² :those given in Section 2. We introduce the notation f to mean the mean
value of any continuous -periodic function f , i.e.,
1
² :f  f t dt. 13Ž . Ž .H
 0
Ž  Ž . . Ž .Obviously, S t , 0 is an -periodic solution of system 12 . Our first0
Ž  Ž . .concern is the stability of S t , 0 . The following theorem gives a crite-0
rion for stability which is equivalent to the extinction of microorganism
Ž .x t due to a lack of nutrient.
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Ž . Ž  Ž . .THEOREM 4. For system 12 , the solution S t , 0 is asymptotically0
stable if
²  :p t , S t D t  0Ž . Ž .Ž .0
and unstable if
²  :p t , S t D t  0.Ž . Ž .Ž .0
Proof. Consider the variational equation about the -periodic solution
Ž  Ž . . Ž .S t , 0 of Eq. 12 ,0
D t p t , S tŽ . Ž .Ž .0X˙ X . 14Ž .ž /0 p t , S t D tŽ . Ž .Ž .0
Ž .Then the characteristic multipliers,  ,  , of Eq. 14 can be computed as1 2
follows:

  exp  D t dt ,Ž .H1 ž /0

  exp p t , S t D t dt .Ž . Ž .Ž .Ž .H2 0ž /0
Ž  Ž . . ² Ž  Ž .. Ž .:Hence, S t , 0 is asymptotically stable when p t, S t D t  00 0
² Ž Ž .. Ž .:  and unstable when p t, S t D t  0, since   1.0 1
We now show the existence and stability of a positive -periodic
Ž . ² Ž  Ž .. Ž .:solution of system 12 under the condition p t, S t D t  00
Ž .survival of the microbe .
THEOREM 5. There exists a unique positie -periodic solution of system
Ž . ² Ž  Ž .. Ž .:12 which is globally asymptotically stable proided p t, S t D t  0.0
In order to prove Theorem 5, we first need to prove some lemmas.
Ž Ž . Ž .. Ž . Ž . Ž .LEMMA 6. Any solution S t , x t of Eq. 12 with S 0  0, x 0  0
Ž . Ž .  Ž .has the property that x t  S t exponentially approaches S t .0
Ž .Proof. This is a special case of Theorem 3 when y t  0.
Now consider the equation
x t  x t p t , S t  x t D t . 15Ž . Ž . Ž . Ž . Ž . Ž .Ž .˙ Ž .0
 0  Ž .Obviously, the interval 0, S  b is invariant with respect to Eq. 15 .
From the hypothesis
1
 ² :p t , S t D t  p t , S t D t dt 0,Ž . Ž . Ž . Ž .Ž . Ž .Ž .H0 0 0
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we can choose a constant  0 satisfying  S0 b and
²  :p t , S t   D t  0.Ž . Ž .Ž .0
Ž .Let D max D t . The next result gives the lower boundary of0 0	 t	 
Ž .solutions of Eq. 15 .
Ž . Ž . Ž .LEMMA 7. If x t is a solution of Eq. 15 satisfying x 0   , then
x t   eD 0 for all t 0.Ž .
Proof. Assume there exists some T 0 such that
x T   eD 0 .Ž .
  Ž . 4 Ž . Ž .Let T  sup t x t   , 0	 t T . Then x T   , x t   for any0 0
Ž  Ž .t
 T , T and T T  . If T T  , i.e., T T  , then x t 0 0 0 0
Ž  Ž  for all t
 T , T    T , T . Hence,0 0 0
T 0  x T    x T exp p t , S t  x t D t dtŽ . Ž . Ž . Ž . Ž .Ž .Ž .H0 0 0ž /T0
T 0  x T exp p t , S t   D t dtŽ . Ž . Ž .Ž .Ž .H0 0ž /T0

 x T exp p t , S t   D t dtŽ . Ž . Ž .Ž .Ž .H0 0ž /0
 x T   ,Ž .0
a contradiction. So T T  , in which case0
T D 0 e  x T  x T exp p t , S t  x t D t dtŽ . Ž . Ž . Ž . Ž .Ž .Ž .H0 0ž /T0
T  x T exp p t , S t   D t dtŽ . Ž . Ž .Ž .Ž .H0 0ž /T0
T
 x T exp D dtŽ . H0 0
T0
  exp D T TŽ .Ž .0 0
  eD 0 .
D 0Ž .This is also a contradiction, implying x t   e for all t 0.
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Ž . Ž .From the above, we know the solution x t, x of Eq. 15 has the0
following property:
 0   D 0 0 x t ,  , S  b   e , S  b for all t 0.Ž .
The next result implies the existence of a positive -periodic solution of
Ž .Eq. 15 .
LEMMA 8. Under the assumption
²  :p t , S t D t  0, 16Ž . Ž . Ž .Ž .0
Ž .  Ž .Eq. 15 has at least one positie -periodic solution x t .0
Ž . Ž . Ž .  0 Proof. Consider a solution x t of Eq. 15 satisfying x 0 
  , S  b .
Ž .  D 0 0  D 0 Ž . 0Then x t 
  e , S  b , that is,  e 	 x t 	 S  b for all
t 0.
Ž . Ž . Ž . Ž . Ž .Case 1. If x 0  x  , then x t   x t , that is, x t is an -peri-
Ž .odic solution of Eq. 15 .
Ž . Ž . Ž . Ž .Case 2. If x 0  x  , define x t  x t n , where n is anyn
Ž . Ž . Ž . Ž .integer. Then x t is also a solution of Eq. 15 with x 0  x n . Byn n
uniqueness of solutions of initial value problems, the inequality
x 0  x   x 0Ž . Ž . Ž .1
gives
x t  x t  x t  for all t 0.Ž . Ž . Ž .1
Similarly, by induction,
0  eD 0	 x t  x t  x t    x t  x t  Ž . Ž . Ž . Ž . Ž .1 2 n n1
	 S0 b.
 Ž . Ž .  Ž .  Ž .Hence there exists x t such that lim x t  x t . Obviously, x t0 n n 0 0
 D 0 0 must be in  e , S  b . Furthermore,
x t   lim x t   lim x t  x t ,Ž . Ž . Ž . Ž .0 n n1 0
n n
 Ž .i.e., x t is an -periodic function.0
 Ž .4On the other hand, since the monotone increasing sequence x t isn
  Ž .uniformly bounded and equicontinuous in 0,  , it follows that x tn
 Ž .    Ž .converges uniformly to x t in 0,  . Thus x t is an -periodic0 0
Ž .  D 0 0 solution of Eq. 15 and lies in the interval  e , S  b .
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Ž . Ž .Case 3. If x 0  x  , a discussion similar to that in Case 2 will also
Ž . Ž .result in an -periodic solution of Eq. 15 . Consequently, condition 16
Ž .guarantees the existence of a positive -periodic solution of Eq. 15 and
the lemma is proved.
The next lemma addresses the question of global stability.
Ž .  Ž .LEMMA 9. If Eq. 16 holds, the positie -periodic solution x t de-0
scribed in the aboe lemma is globally asymptotically stable.
Ž . Ž . Ž .Proof. Given any solution x t of Eq. 15 with x 0  0, define a
Ž .  Ž .  Ž . Liapunov function by V t  ln x t  ln x t . Then0
  D V p t , S t  x t  p t , S t  x tŽ . Ž . Ž . Ž .Ž . Ž .0 0 0
 p t , 	Ž .
  x x ,0S
where 	 is between S x and S x.0 0 0
 p t , SŽ .   0Let Cmin  0. Then D V	C x x .0	 S	 S b, 0	 t	  0S
 Ž .  Ž . Similarly, we have lim x t  x t  0.t 0
 Ž . Ž .Consider the linearized equation about x t as a solution of Eq. 15 :0
 p t , S t  x tŽ . Ž .Ž .0 0  z p t , S t  x t D t  x t  z .Ž . Ž . Ž . Ž .Ž .˙ 0 0 0ž /S
 ˙     Ž Ž . Ž ..  Ž .Let W zx . Then Wx   p t, S t  x t S W. So x t is0 0 0 0 0
asymptotically stable, and hence globally asymptotically stable.
Ž . Ž .COROLLARY 10. Under condition 16 , Eq. 15 has a unique positie
-periodic solution which is globally asymptotically stable.
NOTE. For T big enough, the following hold
x t  S t for all t T and 17Ž . Ž . Ž .0
x t  S t for all t 0. 18Ž . Ž . Ž .0 0
Ž .  Ž .  Ž .Proof. First, we prove Eq. 18 . Let x t max x t . Then0 0 0	 t	  0
 Ž . Ž  Ž .  Ž .. Ž .  Ž .x t  0. Hence p t , S t  x t D t  0, and so S t 0˙ 0 0 0 0 0 0 0 0 0
 Ž .  Ž .  Ž .x t . We claim that S t  x t for all t t . For otherwise, choosing0 0 0 0 0
   Ž .  Ž . 4  Ž .t  sup t* S t  x t for all t t and t t* , it follows that S t1 0 0 0 0 1
   ˙ Ž . Ž . Ž .  . Ž . Ž . x t and S t  x t for all t
 t , t . So S t  x t 	 0.˙0 1 0 0 0 1 0 1 0 1
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However,
˙  0 S t  x t D t S  be t  S tŽ . Ž . Ž . Ž . Ž .˙ Ž .0 1 0 1 1 1 0 1
 x t p t , S t  x t D tŽ . Ž . Ž . Ž .Ž .Ž .0 1 1 0 1 0 1 1
D t S0 be t  0,Ž . Ž .Ž .1 1
 Ž .  Ž .a contradiction. Moreover, because both of S t and x t are -peri-0 0
 Ž .  Ž . Ž .odic, it must be that S t  x t for all t 0 and Eq. 18 holds.0 0
Ž . Ž .  Ž .Now we prove Eq. 17 . Assume that x t  S t for all t 0. Then0
x t  x t p t , S x t D t 	D t x t 	D x t .Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .˙ Ž .0 min
Ž .  Ž . 0As a result, lim x t  0 holds. On the other hand S t  S  b 0t 0
for all t 0. This is a contradiction. Therefore, there exists T sufficiently
Ž .  Ž . Ž .large such that x T  S T . Then similarly, we can claim Eq. 17 holds0
for all t T.
Ž .For the sake of emphasis, we rewrite Eq. 18 as the following lemma.
Ž .  Ž .  Ž .LEMMA 11. Under condition 16 , S t  x t for all t 0.0 0
Ž  Ž .  Ž .  Ž ..Proof of Theorem 5. We shall prove that S t  x t , x t is the0 0 0
Ž .unique positive -periodic solution of system 12 which is globally asymp-
Ž . Ž .  Ž .  Ž .totically stable under the condition 16 . Denote I* t  S t  x t  0.0 0
Then
˙ ˙  0    I* S  x D t S  be t  S  x p t , S  x D tŽ . Ž . Ž . Ž .Ž .˙ Ž .0 0 0 0 0 0
D t S0 be t  I*  xp t , I* ;Ž . Ž . Ž .Ž . 0
x x p t , S x D t  x p t , I* D t .Ž . Ž . Ž . Ž .Ž .Ž .0˙ 0 0 0 0
Ž Ž .  Ž .. Ž .Consequently, I* t , x t is a solution of system 12 .0
Ž Ž .  Ž ..From Lemmas 6, 9, and 11, we know that I* t , x t is the unique0
Ž .positive -periodic solution of system 12 which is globally asymptotically
stable and the theorem is proved.
4. THE FULL MODEL
Ž   . Ž   .Suppose I , x and I , y are positive -periodic solutions of sys-1 0 2 0
Ž .tem 12 and the system
˙ 0S t D t S  be t  S t  y t q t , S t ,Ž . Ž . Ž . Ž . Ž . Ž .Ž .Ž .
19Ž .
y t  y t q t , S t D t ,Ž . Ž . Ž . Ž .Ž .Ž .˙
PENG AND FREEDMAN310
Ž   . Ž   .respectively. Then I , x , 0 and I , 0, y are nonnegative -periodic1 0 2 0
Ž . Ž   .solutions of system 1 . First we discuss the stability of I , x , 0 . The1 0
appropriate variational system is
 p t , IŽ .1  D t  x p t , I q t , IŽ . Ž . Ž .0 1 1S
˙  p t , IŽ .X X .1 x p t , I D t 0Ž . Ž .0 1S
 0
0 0 q t , I D tŽ . Ž .1
Ž   .THEOREM 12. If I , x is a positie asymptotically stable -periodic1 0
Ž . Ž   .solution of system 12 , then I , x , 0 is asymptotically stable proided1 0
²   :q t , S t  x t D t  0Ž . Ž . Ž .Ž .0 0
and is unstable if
²   :q t , S t  x t D t  0. 20Ž . Ž . Ž . Ž .Ž .0 0
Ž   .For I , 0, y , there exists a similar conclusion, given as follows.2 0
Ž   .THEOREM 13. If I , y is a positie asymptotically stable -periodic2 0
Ž . Ž   .solution of system 19 , then I , 0, y is asymptotically stable if2 0
²   :p t , S t  y t D t  0Ž . Ž . Ž .Ž .0 0
and is unstable proided
²   :p t , S t  y t D t  0. 21Ž . Ž . Ž . Ž .Ž .0 0
What we are really interested in is the existence and stability of a strictly
Ž .positive -periodic solution of system 1 . Thus, in the following theorem,
Ž . Ž .we assume inequalities 20 and 21 hold.
Ž . Ž .THEOREM 14. Assume inequalities 20 and 21 are alid. Then, there
Ž .exists at least one strictly positie -periodic solution of system 1 .
To prove Theorem 14, we first prove the following theorem.
Ž .THEOREM 15 Monotonicity of attracting solutions . Consider
a u f t , u and b   g t ,  .Ž . Ž . Ž . Ž .˙ ˙
GLOBAL ATTRACTIVITY IN A PERIODIC CHEMOSTAT 311
Ž . Ž .Let f t, u , g t,  : R R R be sufficiently smooth so that solutions to
initial alue problems exist uniquely and are continuable for t 0. Suppose
Ž . Ž . Ž . Ž .u* t and * t are attracting -periodic solutions of a and b , respectiely,
Ž . Ž . Ž . Ž .i.e., any solution u t of a and  t of b satisfy
lim u t  u* t  0 and lim  t * t  0.Ž . Ž . Ž . Ž .
t t
Ž . Ž . Ž . Ž .Then if f t,   g t,  , it follows that u* t  * t for all t.
Ž . Ž .Proof. Case 1. If there exists t such that u* t  * t , then0 0 0
Ž . Ž .   Ž . Ž .u* t  * t for all t t . For otherwise let t  sup t* u* t  * t for0 1
4 Ž . Ž . Ž . Ž .all t t and t t* . Then u* t * t and u* t  * t for all0 1 1
 . Ž . Ž . Ž . Ž . Ž Ž ..t
 t , t . So u* t * t 	 0. However, u* t * t  f t , u* t˙ ˙ ˙ ˙0 1 1 1 1 1 1 1
Ž Ž .. g t , * t  0. This is a contradiction. Further, because u* and * are1 1
Ž . Ž .-periodic, then u* t  * t for all t.
Ž . Ž .Case 2. If there exists t such that u* t * t , then by hypothesis0 0 0
Ž . Ž .there must be t  t and near to t such that u* t  * t . By Case 1,1 0 0 1 1
this is a contradiction.
Ž . Ž . Ž . Ž .Case 3. Let u* t  * t for all t. Suppose * t max * t0 0	 t	 
Ž . Ž . Ž . Ž .and let u t be the solution of a satisfying u t * t . Then similarly0 0
Ž . Ž . Ž .to the previous case, u t  * t for all t t . Denote d dist u*, * 0
 Ž . Ž . inf u* t * t  0.0	 t	 
Ž . Ž . Ž . Ž . Ž .From the assumption * t  u* t , we have u t  u* t  * t 
Ž . Ž .u* t  d 0. This is a contradiction because u* t is the attracting
Ž .solution of a and the lemma is proved.
Next, we construct monotone sequences which are convergent to the
solution we need. Our attention will mostly focus on the related model:
x t  x t p t , S t  x t  y t D t ,Ž . Ž . Ž . Ž . Ž . Ž .Ž .˙ Ž .0
22Ž .
y t  y t q t , S t  x t  y t D t .Ž . Ž . Ž . Ž . Ž . Ž .Ž .˙ Ž .0
Ž .LEMMA 16. System 22 has at least one positie -periodic solution
Ž . Ž .proided inequalities 20 and 21 hold.
Ž . Ž Ž Proof. Step 1. Condition 21 guarantees that x x p t, S  x˙ 0
 . Ž ..  Ž .y D t has a unique positive -periodic solution x t which is0 
Ž . Ž Ž   .globally attracting. Condition 20 gives that y y q t, S  x  y ˙ 0 0
Ž ..  Ž .D t has a unique positive -periodic solution y t which is globally
attracting.
 Ž .  Ž .  Ž .  Ž .By Theorem 15, we know that y t  y t and x t  x t for all 0  0
t 0.
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Ž Ž   . Ž .. ² Ž Step 2. Consider x x p t, S  y  x D t . Since p t, S ˙ 0  0
 . Ž .: ² Ž   . Ž .:y D t  p t, S  y D t  0, then there exists a unique posi- 0 0
 Ž .tie -periodic solution x t which is globally attracting. By Theorem 15,1
x t  x t  x t for all t 0.Ž . Ž . Ž . 1 0
Ž Ž   . Ž .. ² Ž Step 3. Consider y y q t, S  x  y D t . From q t, S ˙ 0 1 0
 . Ž .: ²Ž   . Ž .:x D t  t, S  x D t  0, there exists a unique positive1 0 0
 Ž .-periodic solution y t which is globally attracting and similarly,1
y t  y t  y t for all t 0.Ž . Ž . Ž . 1 0
Ž Ž   . Ž ..Step 4. Consider x x p t, S  y  x D t . Similarly, there ex-˙ 0 1
 Ž .ists a unique positive globally attracting -periodic solution x t satisfy-2
ing
x t  x t  x t  x t for all t 0.Ž . Ž . Ž . Ž . 2 1 0
Ž Ž   . Ž ..Step 5. Consider y y q t, S  x  y D t , and obtain a similar˙ 0 2
 Ž .  Ž .  Ž .  Ž .  Ž .solution y t satisfying y t  y t  y t  y t for all t 0.2  1 2 0
Step 6. According to the proofs in steps 1 and 5 above, we may
  Ž .4construct similar related equations giving two monotone sequences x tn
  Ž .4and y t which are positive -periodic functions satisfyingn
0 x t    x t  x t    x t  x t  x tŽ . Ž . Ž . Ž . Ž . Ž . n1 n 2 1 0
	 S0 b
and
0 y t  y t  y t    y t  y t    y tŽ . Ž . Ž . Ž . Ž . Ž . 1 2 n n1 0
	 S0 b ,
for all t 0.
Ž . Ž .Step 7. From the previous steps, there exist functions u* t and * t
 .defined on 0, such that
lim x t  u* t and lim y t * t for all t 0.Ž . Ž . Ž . Ž .n n
n n
23Ž .
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Ž . Ž .Furthermore, u* t and * t are -periodic functions because
u* t   lim x t   lim x t  u* t ,Ž . Ž . Ž . Ž .n n
n n
* t   lim y t   lim y t * t .Ž . Ž . Ž . Ž .n n
n n
By the -periodicity in t and the boundedness of the right-hand sides of
all the equations constructed above, it follows that the derivatives of the
  Ž .4   Ž .4  .members of the sequences x t and y t are bounded in 0, ; thatn n
  Ž .4   Ž .4is, x t and y t are uniformly bounded and equicontinuous. Then byn n
   .virtue of ArzelaAscoli’s lemma 12 , for any compact subinterval of 0, ,
  Ž .4   Ž .4there exist subsequences of x t and y t which converge uniformlyn n
Ž . Ž . Ž . Ž .to u* t and * t , respectively, on this subinterval. Thus u* t and * t
are continuous. By the monotonicity of these sequences, we see that the
Ž .convergences given by Eq. 23 are uniform on any compact subinterval of
 .   Ž . Ž .0, . Hence, by Dini’s theorem 27 , u* t and * t are continuously
differentiable and
u* u* p t , S u** D t ,Ž . Ž .Ž .˙ 0
24Ž .
** q t , S u** D t ;Ž . Ž .Ž .˙ 0
Ž . Ž . Ž .that is to say, u*, * is a solution of system 22 . Obviously, u*, * is
positive and -periodic and we have really constructed a positive -peri-
Ž Ž . Ž .. Ž .odic solution u* t , * t of system 22 and the lemma is proved.
Similar to Lemma 11, we have the following.
 Ž . Ž . Ž .LEMMA 17. S t  u* t * t  0 for all t 0.0
We are now ready to prove the first main result of this section.
Ž . Ž .Proof of Theorem 14. Under assumptions 20 and 21 , we show that
Ž  . Ž .S  u**, u*, * is a positive -periodic solution of system 1 .0
Ž .  Ž . Ž . Ž . Ž .Define I* t  S t  u* t * t . Then I* t  0 and0
˙ 0  I*D t S  be t  S t  u* p t , S  u** D tŽ . Ž . Ž . Ž . Ž .Ž .Ž .0 0
* q t , S u** D tŽ . Ž .Ž .0
D t S0 be t  I*  u*p t , I* *q t , I* .Ž . Ž . Ž . Ž .Ž .
Ž .Rewriting Eq. 24 gives
u* u* p t , I* D t and ** p t , I* D t .Ž . Ž . Ž . Ž .Ž . Ž .˙ ˙
Ž . Ž .Thus I*, u*, * is exactly a positive -periodic solution of system 1 ,
proving the theorem.
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Ž .In order to discuss the stability of I*, u*, * , we require analysis of the
Ž . Ž .stability of u*, * as a solution of system 22 . The variational system
Ž . Ž .about the positive -periodic solution u*, * of system 22 is
 p t , I*  p t , I*Ž . Ž .
p t , I* D t  u* u*Ž . Ž .
S S
X˙ X .
 q t , I*  q t , I*Ž . Ž .
 0* q t , I* D t *Ž . Ž .
S S
u* t 0Ž . 1Ž .Let Q t  . The change of variable YQ X givesž /0 * tŽ .
 p t , I*  p t , I*Ž . Ž .
u* *
S S
Y˙ Y A t Y . 25Ž . Ž .
 q t , I*  q t , I*Ž . Ž .
 0u* *
S S
Ž .We know that the local stability of u*, * is the same as the stability of
Ž . Ž . Ž .0, 0 in Eq. 25 . Clearly, for any fixed t, one of the eigenvalues of A t is
0 and another one is negative. However, in a linear periodic system, the
eigenvalues of the coefficient matrix cannot supply the same information
as in an autonomous linear system on the stability of the trivial solution.
Ž .Here the matrix A t is very special and we have reason to address the
following conjecture.
Ž . Ž .CONJECTURE 18. Assume inequalities 20 and 21 hold. Further as-
Ž Ž . . Ž Ž . .sume that  p t, S S   q t, S S is not a constant. Then system
Ž . Ž .25 is asymptotically stable, i.e., system 1 has a positive -periodic
solution which is asymptotically stable.
If Conjecture 18 is true, then we are able to show the asymptotic
Ž .stability of the -periodic solution I*, u*, * to be global under inequali-
Ž . Ž .ties 20 and 21 . To do this, we first set up the fixed point index
machinery. In the remainder of this section, we assume that Conjecture 18
Ž .is true and the Floquet characteristic multipliers of Eq. 25 have moduli
Ž . Ž .less than 1 under inequalities 20 and 21 .
Ž .Let E, P be an ordered Banach space with positive normal cone P.
 Following 14 , for y
 P, define
 4P  x
 E: y tx
 P for some t 0y
and
S  x
P : x
P .½ 5y y y
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Let a be a fixed point of some compact operator T : P P, and denote by
L the Frechet derivative of T at a. We say that L has property 
 at a if´
Ž .there exists t
 0, 1 and y
P  S such that y t L y
 S . We statea a a
Ž .a general result of Dancer 14, 15 on fixed point index with respect to
Ž  .the positive cone P see also 17, 18, 29, 30 .
PROPOSITION 19.
Ž .i If I L is inertible on E, and L has property 
 on P , thena
Ž .index T , a  0.P
Ž .ii If I L is inertible on E, and L does not hae property 
 on
Ž . Ž .P , then index T , a  1 , where  is the sum of the algebraic multi-a P
plicities of the eigenalues of L whose moduli are greater than 1.
Ž . Ž .iii If I L is not inertible on E but Ker I L P , thena
Ž .index T , a  0.P
Suppose E and E are ordered Banach spaces with positive cones C1 2 1
and C , respectively. Let E E  E and C C  C . Then clearly E2 1 2 1 2
is an ordered Banach space with positive cone C. Let  be an open set in
C containing O and A :  C be completely continuous operators,i i
Ž .i 1, 2. Denote by u,  a general element in C with u
 C and  
 C .1 2
Let A:  C be defined by
A u ,   A u ,  , A u ,  .Ž . Ž . Ž .Ž .1 2
Also we define
 C    
 C :    . 4Ž . E2 2 2
 The following general result of Dancer and Du 16, Theorem 2.1 on
degree calculation is crucial for our applications.
PROPOSITION 20. Suppose U C  is relatiely open and bounded,1
and
A u , 0  u for u
 U,Ž .1
A u , 0  0 for u
U.Ž .2
Suppose A :  C extends to a continuously differentiable mapping of a2 2
 Ž .4neighborhood of  into E , C is dense in E , and T u
U: u A u, 0 .2 2 2 1
Then the following are true.
Ž . Ž Ž . .i deg I A, U C  , 0  0 for  0 small, if for any u
 T ,C 2
Ž 	 Ž .  . 	 Ž . the spectral radius r A u, 0  1 and 1 is not an eigenalue of A u, 0C C2 22 2
corresponding to a positie eigenector.
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Ž . Ž Ž . . Ž  .ii deg I  A, U  C  , 0  deg I  A , U, 0 for  0CC 2 C 1 11
Ž 	 Ž . small, if for any u
 T , r A u, 0  1.C2 2
Ž . Ž .In our system 1 , Theorem 3 implies that I*, u*, * is globally stable
Ž . Ž .with respect to system 1 provided that u*, * is globally stable with
Ž . Ž .respect to system 22 . In the following, we are going to show that u*, *
Ž .is a globally stable solution of system 22 under the condition that
Ž . Ž .inequalities 20 and 21 hold.
Ž .Denote by S S , S the -periodic Poincare mapping generated by´1 2
Ž .system 22 . It is well known that S is a compact operator and every
Ž .-periodic solution of system 22 corresponds to a fixed point of S.
Ž . Ž  . Ž  .Clearly, 0, 0 , x , 0 , and 0, y are all of the -periodic solutions of0 0
Ž . 2system 22 on the boundary of  . We denote by a* the fixed points of S
Ž 2 .in int  . For simplicity of notation, we further denote the fixed points of
S on the boundary 2 by O, x*, and y*, respectively. The indices of all
  2fixed points 31, 34 of S in the cone  are calculated in the following
theorem.
Ž . Ž .THEOREM 21. Assume inequalities 20 and 21 hold. Then the following
are true.
Ž . Ž . Ž . Ž .i index S  1, where index S  deg I S, O , which means the
Brouwer degree in the cone 2 :
Ž . Ž .ii index S, O  0;
Ž . Ž . Ž .iii index S, x*  index S, y*  0;
Ž . Ž .iv index S, a*  1.
Ž . Ž .Proof. i Clearly, system 22 is point dissipative and S is compact. It
   follows from 22 or 24 that there exists a connected global attractor A of
S in 2 . Hence, all fixed points of S in 2 must be contained in A. 
   Without loss of generality, we suppose A 0, K  0, K for certain
Ž .constant K 0. Recall that system 22 is of the form
x t  x t p t , S t  x t  y t D t ,Ž . Ž . Ž . Ž . Ž . Ž .Ž .˙ Ž .0
y t  y t q t , S t  x t  y t D t .Ž . Ž . Ž . Ž . Ž . Ž .Ž .˙ Ž .0
Ž .Furthermore, functions p and q satisfy Eq. 3 , that is,
p t , 0  0, q t , 0  0,Ž . Ž .
 p t , S  q t , SŽ . Ž .
 0,  0.
S S
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As a result, we can choose constant K large enough to guarantee that
   0, K  0, K is not only globally attractive but also positively invariant.
ˆ ˆ ˆ .  .Clearly, for any constant K K, 0, K  0, K is positively invariant. Let
 .  . 2 2 0, K 1  0, K 1  . Clearly,  is open in  with relative 
Ž . 2 Ž .  4boundary  x, y 
 : x, y  K 1 . By the excision prop-sup
erty of topological degree, it follows that
deg I S, O  deg I S,  , O .Ž . Ž .
Define a homotopy
H t  I tS : 2 .Ž .
Ž .   Ž .Ž .Claim. H t is -admissible for all t
 0, 1 , i.e., O I tS  . It
Ž . Ž .Ž . Ž .suffices to show that for any x, y 
 , I tS x, y  0, 0 . Clearly,
Ž .when t 0, then I tS I and 0, 0  . When t 1, then I tS
I S, and since we have supposed that all fixed points of S in 2 are
    Ž . Ž .Ž .contained in A 0, K  0, K , hence 0, 0  I S  . Similarly,
Ž . Ž . Ž .Ž .for any t
 0, 1 , 0, 0  I tS  since  is positively invariant.
This completes the proof of our claim.
Thus, by homotopy invariance, we have
deg I S,  , O  deg H 1 ,  , OŽ . Ž .Ž .
 deg H 0 ,  , OŽ .Ž .
 deg I ,  , OŽ .
 1,
where the last identity is due to the normalization property of topological
Ž . Ž .degree. Hence, deg I S, O  1 and index S  1.
Ž . Ž .ii We now prove that index S, O  0. By definition, we know that
P  x , y 
2 : O t x , y 
2 for some t 0 2 ,Ž . Ž . 4O  
and
˜S  x , y 
P :  x , y 
PŽ . Ž . 4O O O
 x , y 
2 :  x , y 
2Ž . Ž . 4 
 4 O .
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Ž . Ž .The variational system about 0, 0 of system 22 is
p t , S D t 0Ž . Ž .0X˙ X .ž /0 q t , S D tŽ . Ž .0
By a standard argument, one can easily verify that

DS O x , y  x exp p t , S D t dt ,Ž . Ž . Ž . Ž .H 0ž /ž 0

y exp q t , S D t dt , 26Ž . Ž . Ž .H 0ž / /0
Ž .where DS O is the Frechet derivative of S at O. Furthermore, it follows´
Ž . Ž .from inequalities 20 and 21 that

r  exp p t , S D t dt  1,Ž . Ž .H1 0ž /0
27Ž .

r  exp q t , S D t dt  1.Ž . Ž .H2 0ž /0
Ž .Now one can easily see that DS O has property 
 . Indeed, by definition,
Ž . 2  4 Ž .it suffices to choose certain x, y 
  O such that, for some t 
 0, 1 . 0
Ž .Ž . Ž . Ž . Ž .t DS O x, y  x, y , i.e., t r x, t r y  x, y . Clearly, we can choose0 0 1 0 2
Ž . Ž .any x, 0 with x 0 and t  1r 
 0, 1 since r  1. Furthermore,0 1 1
Ž . Ž .clearly IDS O is invertible and 0, 0 is an isolated fixed point of S.
Ž . Ž .Therefore, it follows from Proposition 19 i that index S, O  0.
Ž .iii We are going to apply Proposition 20 to show that
index S, x*  index S, y*  0.Ž . Ž .
Ž . Ž .It suffices to show index S, x*  0. Similarly, one can show index S, y*
 0. Replace A , A in Proposition 20 by S , S , respectively. One can1 2 1 2
easily verify that all conditions required in Proposition 20 are satisfied
here. Clearly, we have
  4T u
 : u S u , 0  0, x , 4Ž . 1 0
where T is defined in Proposition 20. Furthermore, it follows from Eqs.
Ž . Ž . Ž .26 and 27 that r  1 is the only eigenvalue of DS 0, 0 . The varia-2 2
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Ž  . Ž .tional system about x , 0 of system 22 is0
Ž   . Ž   . p t , S  x  p t , S  x0 0 0 0   Ž .Ž .p t , S  x D t  x x0 0 0 0X˙ X .S S
 ž /Ž .Ž .0 q t , S  x D t0 0
28Ž .
Ž  Ž   . Ž . .Clearly, r  exp H q t, S  x D t dt is the only eigenvalue of3 0 0 0
Ž  . Ž .DS x , 0 and r  1 because of inequality 20 . Therefore, it follows2 0 3
Ž . Ž .from Proposition 20 i that index S, x*  0. Analogously, it follows from
Ž . Ž .inequality 21 that index S, y*  0.
Ž . Ž 2 .iv For any fixed points a*
 int  of S, from the previous
Ž Ž .. Ž . Ž .assumption, it follows that  DS a*  1 under inequalities 20 and 21 .
Ž . Ž . Note that both 20 and 21 are independent of a* itself. According to 15,
Ž . Ž .Lemma 2 c , DS a* does not have property 
 . Again by Proposition
Ž . Ž .19 ii , one can easily see that index S, a*  1.
Ž . Ž .THEOREM 22. Assume inequalities 20 and 21 are alid. Then, there
Ž .exists a strictly positie -periodic solution of system 1 which is globally
asymptotically stable.
Ž .Proof. Since system 22 generates a discrete monotone dynamical
 m4system S , we need only to prove the uniqueness of a strictly positivem0
Ž .-periodic solution of system 22 . It follows from a simple compactness
Ž 2 .argument that there are at most finitely many fixed points of S in int  .
  4Let them be x : 1	 i	 l , where l
 . From Theorem 21, we havei
Ž  . Ž . Ž . Ž .index S, x  1, index S, O  0, index S, x*  0, index S, y*  0, andi
Ž .index S  1. Hence, by the additivity of the fixed point index, it follows
that
1 index S  index S, O  index S, x*Ž . Ž . Ž .
l
index S, y*  index S, x  l.Ž . Ž .Ý i
i1
This implies the uniqueness, completing the proof.
Remark. Theorem 22 implies that if on the boundary of 3 there
Ž .exists no asymptotically stable solution, then system 1 has a strictly
positive -periodic solution which is globally asymptotically stable. There-
Ž . Ž .fore, if one can prove that under inequalities 20 and 21 , the two
Ž .Floquet multipliers of Eq. 25 have moduli less than 1, then the structure
Ž .of the global attractor of system 1 is very simple, namely, a positive
-periodic solution.
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5. GLOBAL ATTRACTOR
Since at present we are unable to prove Conjecture 18, in this section we
Ž .are going to discuss the structure of a global attractor of system 1 in
terms of some general results in competitive systems due to Hsu, Smith,
 and Waltman 26 .
Ž .Clearly, system 1 is a point dissipative ordinary differential system. It
 follows from Hale’s dissipative theory 22 that there is a connected global
Ž . Ž . Ž .attractor in system 1 . Furthermore, Theorem 3 implies that S t  x t
Ž .  Ž . y t tends exponentially to S t . Therefore, discussing the structure of0
Ž .a global attractor of system 1 is equivalent to discussing the structure of a
Ž . Ž .global attractor of system 22 . Obviously, system 22 is an -periodic
Ž .competitive system between two species. Hence, system 22 generates a
strictly order-preserving -periodic semiflow with respect to the competi-
Ž . 2 Ž . Ž .tive order  , where for any x , y 
 , we define x , y  x , yK i i  1 1 K 2 2
Ž . Ž . Ž .if x  x and y  y , x , y 	 x , y if x 	 x and y  y , x , y1 2 1 2 1 1 K 2 2 1 2 1 2 1 1
Ž . Ž . Ž . Ž . Ž . x , y if x , y  x , y and x , y  x , y . Denote by T :K 2 2 1 1 K 2 2 1 1 2 2
22 the standard Poincare -periodic mapping generated by system´ 
Ž . Ž . Ž .   Ž .22 . It is easy to verify that H  H in 26, page 4084 hold by Eq. 31 4
Ž .and since system 22 is of Kolmogorov type. Recall that in Lemma 16, we
Ž . Ž . Ž .have proved that under inequalities 20 and 21 , system 22 has at least
one strictly positive -periodic solution. That is, T has at least one strictly
Ž . Ž .positive fixed point corresponding to u*, * . Denote E  0, 0 , E 0 1
Ž  Ž . . Ž  Ž .. Ž Ž . Ž ..x 0 , 0 , E  0, y 0 , E u* 0 , * 0 . Then E , E , E , and E are0 2 0 0 1 2
fixed points of T in 2 . Furthermore, it follows from Theorem 15 that
Ž . Ž .E  E E . Inequalities 20 and 21 imply that E , E , and E are2 K K 1 0 1 2
Ž . 2all isolated and unstable. It is well known that for any x, y 
 and
n
 , we have
T n 0, y 	 T n x , y 	 T n x , 0 .Ž . Ž . Ž .K K
From Lemma 9, we know that
lim T n x , 0  E for all x 0,Ž . 1
n
and
lim T n 0, y  E for all y 0.Ž . 2
n
  Ž .  Ž .Hence, the order interval E , E  x, y : 0	 x	 x 0 , 0	 y	2 1 K 0
 Ž .4y 0 is a global attractor of mapping T. Moreover, it follows from0
 Proposition 2 in 26, page 4086 that there exist two positive fixed points
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E
 and E

 such that
T n x  E
 for all x x , x satisfying E
	 x EŽ . Ž .1 2 K K 1
and x  0,2
and
T n y  E

 for all y y , y satisfying E  y	 E

Ž . Ž .1 2 2 K K
and y  0.1
 Note that from 26, Proposition 2 , we only know that E
 and E

 are
positive. Actually, from Lemma 9, we further know that except for E , E ,0 1
E , there does not exist any other semitrivial fixed point on the boundary2
of 2 . Therefore, E
 and E

 are strictly positive. The structure of a
Ž .global attractor of system 22 is shown as the shadowed part in Figure 2
described by the corresponding Poincare periodic mapping. Clearly, if´
Conjecture 18 is true, then E
 E

 E; that is, the global attractor of
Ž 2 . Ž  Ž . Ž . Ž . Ž . Ž ..T in int  is just one point E and S t  u* t * t , u* t , * t is 0
Ž . Ž 3 .globally attractive with respect to system 1 in int  .
6. DISCUSSION
The chemostat is a piece of laboratory apparatus used to culture
microorganisms. In this paper, we discussed the competition for microbial
organisms competing in a mixed-growth laboratory culture with a periodi-
cally varying environment. The competition takes place in a well-stirred
Ž .chemostat with general monotonically increasing in nutrient density
FIG. 2. Structure of a global attractor of T.
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uptake functions, and with periodicities in the nutrient input, washout, and
uptakes. In a chemostat, temperature and nutrient input are controlled by
the experimenter. If temperature is adjusted periodically and nutrient is
Ž .input periodically with a common period, then system 1 well models such
Ž .an experiment mechanism. The key feature of model 1 is the periodicity
Ž .to simulate the periodically varying seasons or daynight cycles culture
environment. We derived criteria for the coexistence or non-coexistence of
the competing species. Mathematically, we roughly know the structure of
Ž .the global attractor of system 1 .
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